Abstract: The aim of this study is to show the evidence of Mach stem formation for very weak shock waves with acoustic Mach numbers on the order of 10 À3 to 10
Introduction
Ernst Mach was the first scientist who experimentally observed the phenomenon of shock wave reflection. 1 In his experiments, reported in 1878, he recorded two different shock wave reflection patterns. The first one is regular reflection, which shows the incident and reflected shocks intersecting right at the reflecting surface. The second type of reflection, known as irregular reflection, consists of three shocks [ Fig. 1(a) ]: the incident and the reflected shocks which intersect above the surface, and a third one, later named the Mach stem, which connects the intersection point with the surface. 2 Theoretical investigation of the shock wave reflection was first carried out by von Neumann in 1943. 3 He described the irregular reflection by a three-shock theory based on the assumption that all the waves in the flow are shaped as shocks of negligible curvature and thickness, and obey the Rankine-Hugoniot jump conditions. The threeshock theory was found to be in good agreement with experiments only for strong shocks when the acoustic Mach number M a (defined as the ratio of the maximum particle velocity in acoustic wave to the ambient sound speed in the propagation medium) was greater than 0.47. 4 For weak shocks (M a < 0.05) the three-shock theory has no physically acceptable solutions, while experimental observations supported by numerical simulations clearly show that irregular type of reflection for such weak shocks does, in fact, exist. 4 The conflict between three-shock theory and experimental results is known as the von Neumann paradox, and irregular reflection pattern in this case is called the von Neumann reflection. Existing studies to resolve the von Neumann paradox are mainly in the framework of aerodynamics and consider only step shocks with acoustic Mach numbers M a greater than 0.035. [5] [6] [7] [8] [9] While step shocks are typical for aerodynamics, acoustic shock waves usually have more complicated waveforms of an N-wave (sonic boom waves), blast waves, sawtooth waves, and others. In addition, in nonlinear acoustics the values of acoustic Mach number M a are on the order of 10
À3
, which is at least one order smaller than in aerodynamics. The reflection of such very weak, but nonetheless strongly nonlinear acoustic waves has not been studied to the same extent.
Nonlinear reflection of acoustic shock waves from a rigid surface was investigated numerically in a recent work (Ref. 10) , where cases of an ideal plane N-wave and periodic sawtooth wave were studied in comparison with a step shock. It was shown that depending on the value of a critical parameter a introduced as a ¼ sin u= ffiffiffiffiffiffiffiffiffiffiffiffi 2bM a p (here u is the grazing angle of the incident wave and b is the coefficient of nonlinearity of the propagation medium) the type of reflection could vary from weak von Neumann reflection to von Neumann reflection and finally to a regular reflection. 10 The term "weak von Neumann reflection" was introduced by the authors of Ref. 10 to describe the reflection pattern for almost grazing incidence when the reflected shock does not exist, but the initial plane incident shock has a curvature close to the surface. The von Neumann reflection is an irregular reflection regime characterized mainly by the continuous slope of the shock front along the incident shock and the Mach stem. 4 These types of reflection were successfully observed experimentally for periodic sawtooth waves (M a ¼ 2.3 Â 10
À4
) in water, 11 and values of the critical parameter a corresponding to each reflection regime were determined. Irregular reflection of spherically divergent spark pulses was observed in numerical experiments, 12 but no quantitative analysis of values of the critical parameter a was done.
Mach stem formation for acoustic weak shock waves occurs not only in the case of reflection from rigid boundaries, but it can also be observed in other interactions of two shock fronts. Focusing of axially symmetric beams is the situation most similar to the reflection from the rigid surface: the normal derivative of the pressure on the axis of focused beam and at the rigid surface in reflection wave pattern is equal to zero. Thus, one can expect a process similar to Mach stem formation in the focal region of nonlinear beams. For step shock cases the Mach stem formation was indeed observed experimentally 13 and in simulations 9 for focusing of shocks. The process of two shock collision in one period of a continuous wave generated by a plane piston source was studied numerically, 14 but it was not considered as similar to Mach stem formation process and thus the structure of the wavefronts in the region of weak shock interaction was not shown. In this letter, we focus on interactions of shock fronts when waves are (i) very weak (M a is on the order of 10 À3 to 10
À2
), (ii) have waveforms typical for acoustics (N-waves, sawtooth waves, and bipolar pulses). The goals are to demonstrate experimentally how irregular reflection occurs in air for very weak spherically diverging spark-generated pulses resembling the N-wave and to evaluate the values of the critical parameter a for different types of reflection. This complements earlier experimental observations on irregular reflections of plane periodic waves in water (Ref. 11) since spherical divergent waves, single pulses, propagation in air, and variation in acoustic Mach number were considered. The qualitative analogy of the Mach stem formation in a focal region of nonlinear periodic and pulsed ultrasound beams was demonstrated numerically in water using the Khokhlov-Zabolotskaya-Kuznetsov (KZK) equation.
2. Nonlinear reflection of spark-generated shock pulses in air: Optical measurements The experimental setup designed for optical visualization of shock wave reflection from a rigid surface is shown in Fig. 1(b) . Acoustic shock waves (1) were produced by a 15 kV electric spark source (2) with 21 mm gap between tungsten electrodes (its calibration is described in detail in a previous paper). 15 The generated wave (1) was a short pulse of about 30 ls duration, beginning with a shock front followed by a narrow compression phase and then by a smooth rarefaction phase. Spherically divergent acoustic pulses reflect from the rigid surface (3), located at a distance h under the spark. The emerging reflection pattern (4) was visualized using a schlieren method. 16 The schlieren system was composed of a quartz tungsten halogen (QTH) continuous white light source (5) mounted in the geometrical focus of a spherical mirror (6) with 1 m radius of curvature, a beam splitter (7), an optical knife (a razor edge, 8), and a high-speed Phantom V12 CMOS camera (9) with exposure time set to 1 ls. Light beam was transmitted through the beam splitter (7) and through the test zone of the acoustic pulse reflection. Then, the light reflected from the mirror (6), intersected the test zone once again, and propagated back to the beam splitter [solid lines with arrows in Fig. 1(b) ]. Spatial variations of the light refractive index n caused by the acoustic wave led to deviation of part of light rays from the initial propagation direction. Light rays that were not deflected by acoustic pressure inhomogeneities were blocked by the optical knife (8) located at the focus of the beam. Deflected rays bent around the razor edge (8) were captured by the high-speed camera (9) to form a schlieren image. Double passing of the light beam through the test zone provided better contrast of the image. Since the brightness of these images is proportional to the gradient of the acoustic pressure, 16 they depict qualitatively the reflection pattern of the front shock of the pulse.
For visualizing the reflection pattern, an initial series of schlieren images was recorded without acoustic wave to obtain the averaged background image. A second series of images was recorded with the presence of acoustic wave. Raw images in the second series were dark and the front structure was not clearly seen without additional data processing. The averaged background image was subtracted from every recorded image of the reflection pattern; this subtraction resulted in reduction of noise and enhancement of the image contrast. An additional processing was the averaging of twenty images obtained from different sparks for a fixed source and reflection point configuration. In these images, the position of the reflection point varied by less than 5 mm and the reflection patterns were juxtaposed before averaging. Schlieren images [(19.5 6 0.2) mm width Â (12.2 6 0.2) mm height] of the reflection patterns obtained in this way are presented in Fig. 2 .
In order to investigate independently the effect of the pressure level and the incident angle u on the reflection pattern, we chose the position of the spark source so that the distance s between the source and the reflection point was the same for each angle u considered in the study [ Fig. 1(b) ]. The results are given in Fig. 2 for two values of acoustic Mach number M a (i.e., two distances s between the source and the reflection point) and different values of the incident angle u. The series of frames in Fig. 2(a) was obtained at a distance s ¼ (46 6 4) mm away from the spark source, which corresponded to an acoustic pressure amplitude for the incident wave p 0 ¼ (6.2 6 0.5) kPa and a value of the acoustic Mach number M a ¼ (0.044 6 0.004). To estimate the value of the acoustic Mach number we used its definition for the plane wave: M a ¼ p 0 /cp atm, where c ¼ 1.4 is the adiabatic index for air and p atm ¼ 100 kPa is the atmospheric pressure. For the series of frames in Fig. 2(b) , experimental parameters were s ¼ (207 6 7) mm, p 0 ¼ (0.84 6 0.04) kPa, and M a ¼ (0.0060 6 0.0003). The coefficient of nonlinearity b was equal to 1.2 for the experimental conditions of the relative humidity of 49% and temperature of 292 K.
For the grazing angle u ¼ 0 the spark source was located right at the reflecting surface (h ¼ 0). In this case no reflected shock was observed for both values of acoustic Mach number M a (cases u ¼ 0 in Fig. 2 ). The same pattern was achieved also for the angles u Both amplitude p and grazing angle u of the acoustic pulse change while the pulse propagates along the surface that leads to the change of the "current" value of the critical parameter a. As a result, the reflection pattern has a dynamic character changing with the propagation distance. This was confirmed in the experiment: the length of the Mach stem increased when the pulse propagated along the surface. For three consecutive schlieren images obtained at different distances from the spark along the surface (Fig. 3) , both parameters M a and u were decreasing and therefore had different effect on the value of a. Increasing of the Mach stem length means that the value of a was decreasing and the variation of the grazing angle u had stronger effect on a than the variation of the Mach number M a .
3. Mach stem formation in focused nonlinear acoustic beams: Numerical modeling in water Mach stem formation in the focal area of nonlinear periodic and pulsed ultrasound beams was demonstrated numerically using the KZK nonlinear evolution equation. 17 The equation is valid for small focusing angles and M a ( 1 which are exactly the cases of interest here. For axially symmetric beams the KZK equation can be written in dimensionless form as
Here P ¼ p/p 0 is the acoustic pressure normalized by its initial amplitude p 0 , r ¼ x/F is the coordinate along the beam axis normalized by the focal length of the source F, R ¼ r/a 0 is the radial propagation coordinate normalized by the radius of the source a 0, H ¼ 2ps/T 0 is the dimensionless time, s ¼ t -x/c 0 is the retarded time, c 0 is the ambient sound speed, and T 0 is the duration of the signal (for a harmonic wave it is one period of wave). Equation (1) 18 Equation (1) was solved numerically in finite differences using a previously developed algorithm. 14, 19 The boundary condition was set as a piston focused source. Initial waveforms were a periodic harmonic wave and a bipolar pulse the wave away from the axis at R ¼ 0.016 [ Fig. 4(c), waveform 2] . In Ref. 14 it was shown that for the two shock structure in one period of the harmonic wave, the higher shock is coming from the edge of the source, and the lower shock is coming from its central part. The formation of the Mach stem structure in the focal area of acoustic beams is thus the result of nonlinear interaction of shock fronts of the edge and central waves. These two fronts merge, because the velocity of the shock depends on its pressure, 6 the higher shock in the waveform propagates faster than the lower shock. These two shocks collide and the Mach stem forms in the beam region close to the axis.
In pulsed beams, the edge wave starts to collide with the central wave at the end of the pulse, therefore the second shock front and Mach stem structure form within an initially negative phase of the bipolar pulse [14 < H < 16 in Figs. 4(d) and 4(e)]. The front pattern in this case also resembles the von Neumann reflection with continuous slope between the fronts of the central wave and the Mach stem [ Fig. 4(d) ], but the front structure is blurred [ Fig. 4(e) ]. Smearing of the front structure occurs since the edge wave in the pulsed fields is smoother than in the periodic fields [ Fig.  4(f) , rear shocks of waveform 2 and waveform 3] and thus the values of the pressure derivative are less. When the edge wave front merges with that of the central wave, they turn into a sharp shock and provide the excess of the pressure amplitude on the rear shock [ Fig. 4(f), waveform 1 ]. This excess of the pressure is clearly observed as the white area in [Fig. 4(d) ] at the location of the Mach stem structure.
Conclusion
In acoustics, interaction of shocks can occur in similar ways in reflection from a rigid surface and in focusing of axially symmetric nonlinear beams. In this paper, these two cases were considered for very weak (M a within the range from 10 À3 to 10
À2
) acoustic waves of differing temporal structure (N-wave, sawtooth wave, and bipolar pulse). Reflection of N-waves was studied experimentally in air using an electric spark to create the acoustic wave and the schlieren system to visualize reflection patterns. Regular and irregular types of reflection were observed, and corresponding values of the critical parameter a for each reflection regime were determined. Numerical simulations based on the KZK equation for nonlinear periodic and pulsed acoustic beams in water showed a process analogous to the Mach stem formation. The structure of the front patterns in the focal region of the beam resembled to the von Neumann reflection as the result of interaction between the edge and the central waves coming from the source. For pulsed beams the effect occurred only for the rear shock of the pulse.
